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This paper proves the conjecture of Horn˘a´k and Jendrol’ that the faces of a convex
polyhedron with maximum vertex degree D can be colored with 1+(D+7)(D−1)d
colors in such a way that each pair of faces that are distance at most d apart receives
different colors. © 2002 Elsevier Science (USA)
1. INTRODUCTION
We will adopt the convention that a graph is planar if it can be
embedded in the plane (without edges crossing), and plane if it is already
embedded in the plane. This paper will be concerned with finite simple
plane graphs. The sets of vertices, edges and faces of such a graph G will be
denoted by V(G), E(G) and F(G), respectively.
A graph G is 3-connected if |V(G)| \ 4, G has neither loops nor parallel
edges, and there is no S … V(G) such that |S| < 3 and G−S is not con-
nected. For a 3-connected plane graph, the boundary of each face is a cycle
of edges.
Every simply connected polyhedron in 3-space corresponds to a plane
graph, but the converse is not true. There is a one-to-one correspondence
between 3-connected plane graphs and the 1-skeletons of convex polyhedra.
The theorems presented in this paper will apply to 3-connected plane graphs.
A k-face coloring of a plane graph G is an assignment to each face of the
graph a color in {1, ..., k}. A face coloring is proper if each pair of distinct
faces which have a common edge in their boundaries receive different
colors. The Four Color Theorem states that every plane graph has a proper
4-coloring. This was first proved by Appel and Haken (see [2]). For an
improved proof, see [16].
A face coloring is angular if each pair of distinct faces whose boundaries
intersect receive different colors. Clearly, there is no finite bound on the
number of colors required in an angular coloring of a plane graph. For a
pie chart with n slices, an angular coloring must use n colors.
In general, for a vertex or face x of G, let the degree of x be the number
of edges incident with x. Given a graph G, let D(G), or simply D if the
graph is clear from the context, be the maximum degree of a vertex of G.
For any graph, D is a lower bound for the number of colors required in an
angular coloring. In [15], a class of plane graphs is given which require
N32 DM colors in any angular coloring. In [4] (see also Problem 2.5 of [13]),
Borodin conjectured that every plane graph may be colored with this many
colors. This conjecture has been proved only for D=3 (equivalent to the
Four Color Theorem) and for D=4 [4] (see also [5]). Ore and Plummer
[14] gave an upper bound of 2D, which was improved to N95 DM by the
authors with Borodin [7]. The best known upper bound is K53 DL, given by
the authors [20].
Much tighter results are known for 3-connected plane graphs. Plummer
and Toft [15] proved that every 3-connected plane graph has an angular
(D+9)-coloring. They gave a class of graphs which give a lower bound of
D+2, which they conjectured to be best possible. Borodin (see Problem 2.5
of [13]) has improved this, showing that every 3-connected plane graph
with D \ 24 has an angular (D+3)-coloring. In 1999, Horn˘a´k and Jendrol’
[12] proved that every 3-connected plane graph with D \ 24 has an
angular (D+2)-coloring. Recently, it is proved by Enomoto et al. [8] that
any 3-connected plane graph with D \ 60 has an angular (D+1)-coloring
(which is the best possible general bound because of D-gonal pyramid).
Horn˘a´k and Jendrol’ [10, 11] defined d-distance colorings as a general-
ization both of angular colorings and diagonal colorings (see, e.g., [17] or
Problems 2.15 and 3.10 of [13]). Two vertices of a connected graph are
distance d apart if the shortest path connecting them has d edges. A face
coloring is d-distance if each pair of faces which are incident with vertices
that are distance at most d apart receive different colors. Thus the distance
between two faces which receive the same color must be greater than d.
An angular coloring is a 0-distance coloring, and a diagonal coloring is a
1-distance coloring. In [11], Horn˘a´k and Jendrol’ showed that connected
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plane graphs with 8 [ D [ 11 have d-distance (1+(D+7)(D−1)d)-colorings
and that connected plane graphs with D \ 11 have d-distance (1+
(2D−4)(D−1)d)-colorings. Lower bounds for the d-distance chromatic
number are given in [18].
Horn˘a´k and Jendrol’ conjectured that for 3-connected plane graphs, a result
analogous to the result of Plummer and Toft’ for 0-distance colorings should
be true for all distances. In particular, they conjectured in [11] that every
3-connected plane graph with D \ 8 has a d-distance (1+(D+7)(D−1)d)-
coloring. This paper will show, in fact, that every 3-connected plane graph has
a d-distance (1+(D+7)(D−1)d)-coloring.
Adequate results for low D were given by the authors [18, 19], who
proved results which imply the following lemma (note that it applies to all
plane graphs, not just 3-connected ones):
Lemma 1.1. Every plane graph with D [ 10 has a d-distance (1+(D+7)
(D−1)d)-coloring.
The result of Horn˘a´k and Jendrol’ for D=11 is already adequate for the
conjecture, so it is stated as a lemma as well.
Lemma 1.2. (Horn˘a´k and Jendrol’). Every plane graph with D=11 has
a d-distance (1+18 ·10d)-coloring.
A combination of a result of Plummer and Toft [15] and a result of
Borodin [6] for d=0 leads to the following lemma.
Lemma 1.3. Every 3-connected plane graph with D \ 12 has a 0-distance
(D+8)-coloring.
2. SWITCHING TO THE DUAL
As with the Four Color Problem, it is convenient to color the vertices of
a related graph, called the dual graph. Let two vertices x, y of a plane graph
G be d-diagonally adjacent if there is a set S of edges such that |S| [ d, and
such that x and y are incident with a common face of G−S. Let a
d-diagonal coloring of a graph G be a coloring of the vertices of G, such
that each pair of d-diagonally adjacent vertices receive different colors.
Note that a plane graph has a d-distance coloring if and only if its dual has
a d-diagonal coloring. Also note that the dual of a 3-connected plane graph
is also 3-connected.
Given a plane graph G, the d-diagonal chromatic number of G is the
minimum number k, such that G has a d-diagonal k-coloring. This paper will
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prove an upper bound on the d-diagonal chromatic number of 3-connected
plane graphs.
The proof is organized as follows. Section 3 will show that every
3-connected plane graph has certain special edges in convenient places in
the graph. The edges are special, because their removal yields a smaller
3-connected plane graph for use in induction. Section 4 uses induction
arguments to show that if a minimal counterexample to the conjecture of
Horn˘a´k and Jendrol’ exists, its faces of small degree share edges with faces
of large degree. Section 5 uses the Discharging Method to show that no
3-connected plane graph can be such a minimal counterexample.
3. REMOVABLE EDGES
A graph H is a subdivision of a graph G if it may be formed from G by
replacing each edge e of G with a path having the same endvertices as e
whose internal vertices (if any) all have degree 2 in H. An edge a of a
3-connected graph G is removable if G−a is a subdivision of a 3-connected
graph which will be denoted Gı a.
This section will show the existence of removable edges in locations of a
3-connected plane graph that will be useful in the next section. To state the
lemmas, some terminology is useful. Let a k-vertex be a vertex of degree k.
Let an at most k-vertex, or for brevity, an ([ k)-vertex, be a vertex of
degree at most k. Similarly, let an (\ k)-vertex be a vertex of degree at least
k. Let a k-face, ([ k)-face, and (\ k)-face be defined similarly. The first
result appears in [3].
Lemma 3.1. (Barnette). Let G ]K4 be a 3-connected plane graph, and
let f be a 3-face of G that is incident with vertices u, v, and w. If u is a
3-vertex, then the edge vw is removable.
Given a 3-connected graph G, an edge a of G, and a 2-element subset S
of V(G), then (a, S) is a separating pair for a if G−a−S has exactly two
components, each of which has at least two vertices. Holton et al. [9] gave
the following relationship between non-removable edges and separating
pairs.
Lemma 3.2. (Holton et al.). LetG be a 3-connected graph with |V(G)| \ 6
and a ¥ E(G). Then a is non-removable if and only if there is a separating pair
for a.
They also proved the following result, which is useful when searching for
removable edges.
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Lemma 3.3. (Holton et al.). LetG be a 3-connected graphwith |V(G)| \ 6,
and let (xy, S) be a separating pair for xy. Then every edge joining S and
{x, y} is removable.
The next result will be used in Section 4. It says that one place where you
can be sure to find a removable edge is in the boundary of an ([ 4)-face.
The 3-face case appears as Corollary 3 in [9].
Lemma 3.4. Let f be an ([ 4)-face of a 3-connected plane graph with at
least six vertices. Then f is incident with at least two removable edges.
Proof. Let f be an ([ 4)-face of a 3-connected plane graph G such that
G has at least six vertices. Let the vertices in cyclic order around f be
x1, ..., xk. Without loss of generality, x1x2 is non-removable. By Lemma 3.2,
there is a separating pair (x1x2, S) for x1x2.
Assume that f is a 3-face. Then x3 ¥ S, and each of x1x3 and x2x3 is
removable by Lemma 3.3.
Assume that f is a 4-face. Without loss of generality, let x3 ¥ S, thus
x2x3 is removable by Lemma 3.3. Thus either the conclusion follows, or
x1x4 is non-removable. By Lemma 3.2, there is a separating pair (x1x4, T)
for x1x4. Since x1x2 is non-removable, a parallel argument to the one just
given shows that x3x4 is removable. L
It is not true that every 5-face is incident with two removable edges. For
the next section, however, it is useful to show that certain 5-faces do have
this property. The 5-faces considered will be those incident with at least
four 3-vertices. The next lemma will imply the desired result.
Let two edges be adjacent if they have a common end. Let two vertices
be adjacent if they are ends of a common edge. Let two faces be adjacent if
they have a common edge in their boundaries. An element is a neighbor of
a like element if they are adjacent.
Lemma 3.5. Let G be a 3-connected graph with at least six vertices. Let
f be a 5-face of G bounded by the cycle C=x1x2x3x4x5, such that each of
{x2, x3, x4, x5} is a 3-vertex, and such that f is not adjacent to a 3-face.
Then each edge of {x1x2, x1x5, x2x3, x4x5} is either removable, or is adjacent
to an edge of C which is removable.
Proof. The proof for x1x2 will be given. The proofs for the other edges
are completely symmetric.
By our assumption, G is notW6 (a wheel of order 6). Assume that x1x2 is
not removable. By Lemma 3.2, there is a separating pair (x1x2, {y, z}) for
x1x2. Since C−x1x2 joins x1 and x2, without loss of generality,
y ¥ {x3, x4, x5}. If y ¥ {x3, x5}, then Lemma 3.3 shows that x1x5 or x2x3 is
removable. Thus, assume that y=x4. Since G is plane, there is a closed
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Jordan curve K in the plane meeting G only in x1x2, x4, and z. Let fŒ be
the face which K intersects and is not incident with x1x2. Since x4 is a
3-vertex, fŒ is incident with either x3x4 or x4x5.
Assume that fŒ is incident with x3x4. (The other case is symmetric.) By
moving K along x3x4, a closed Jordan curve KŒ is formed which intersects
G only in x1x2, x3, and z. This shows that (x1x2, {x3, z}) is a separating
pair for x1x2. As mentioned before, Lemma 3.3 shows that in this case,
x2x3 is removable. L
Lemma 3.5 easily implies the following result.
Lemma 3.6. Let f be a 5-face of a 3-connected plane graph with at least
six vertices. If f is incident with at least four 3-vertices, and is not adjacent to
a 3-face, then f is incident with at least two removable edges.
4. FACE ADJACENCIES IN MINIMAL GRAPHS
Throughout the rest of this paper, we will use D(G) or simply D to
denote the maximum face degree of G. To simplify our presentation, let
k(d) :=1+(D+7)(D−1)d.
For the purposes of this paper, let a graph G be minimal if it satisfies the
following: G is a 3-connected plane graph; |V(G)| \ 6; D=D(G) \ 12; there
is d \ 1 such that G has no d-diagonal k(d)-coloring; and every 3-connected
plane graph H with |E(H)| < |E(G)| and D(H) [ D(G) has a d-diagonal
k(d)-coloring. This section will show that if a minimal graph exists, then it
must have certain structural properties.
The first lemma deals with the faces which are adjacent to a 3-face.
Given a face f, and an edge xy incident with f, let fxy be the face other
than f which is incident with xy.
Lemma 4.1. Let f be a 3-face of a minimal graph G.
(i) If f is incident with at least two 3-vertices, then f is adjacent to
three (\ 12)-faces.
(ii) If f is incident with exactly one 3-vertex, then one of the faces
adjacent to f and incident with the 3-vertex is an (\ 11)-face, while the other
two faces adjacent to f are (\ 12)-faces.
(iii) If f is incident with no 3-vertices, then f is adjacent to at least two
(\ 12)-faces.
Proof. Let the vertices incident with f be u, v, w.
Assume that (i) is false.
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First we consider the case in which u, v are 3-vertices, while w is not.
Without loss of generality, we assume that deg(fuv)+deg(fuw) [ D+11. By
Lemma 3.1, uw is removable. Let H :=Gı uw. Clearly, D(H) [ D. Since G
is a minimal graph, H is d-diagonally k(d)-colorable. This yields a partial
d-diagonal coloring of G, with u uncolored.
Claim. u has at most (k(d)−1) d-diagonal neighbors, for d \ 1.
Sketch of the Proof of our Claim. Let two vertices x, y of a plane graph
G be (=d)-diagonally adjacent if d is the minimum cardinality of a set S of
edges such that x and y are incident with a common face of G−S.
An edge xy not incident with u is said to be a (u, j)-edge, j \ 1, if j is the
minimum cardinality of a set S of edges such that xy ¥ S and all u, x, y are
incident with a common face of G−S. Let N(u, j) denote the set of
(=j)-diagonal neighbors of u and E(u, j) the set of (u, j)-edges. Then the
following can be easily shown:
(a) Any (=j)-diagonal neighbor of u, j \ 1 is incident with a face
that is incident with a (u, j)-edge. Therefore, |N(u, j)| [ (D−2) |E(u, j)|.
(b) Any (u, j)-edge, j \ 2, is incident with a face that is incident with
a (u, j−1)-edge. Therefore, |E(u, j)| [ (D−1) |E(u, j−1)|.
Since deg(fuv)+deg(fuw) [ D+11, clearly, |E(u, 1)| [ D+8, |E(u, 1) 2
E(u, 2)|[ (D+7) D and |N(u, 0)2N(u, 1)|[ (D+7)(D−1)=k(1)−1. Hence
|E(u, 2)| [ (D+7) D−(D+8)=(D+7)(D−1)−1, and by induction one
can show that |E(u, j)| [ [(D+7)(D−1)−1](D−1) j−2 for any j \ 2. So the
number of d-diagonal neighbors of u with d \ 2 is at most (D+7)(D−1)+
;dj=2 |N(u, j)| [ (D+7)(D−1)+(D−2)[(D+7)(D−1)−1];dj=2 (D−1) j−2
=(D+7)(D−1)+(D−2)[(D+7)(D−1)−1][(D−1)d−1−1]/[(D−1)−1]
=(D+7)(D−1)d+1−(D−1)d−1 < k(d)−1. Thus u has at most (k(d)−1)
d-diagonal neighbors, for any d \ 1.
By the above claim, u can be colored to give a d-diagonal k(d)-coloring
of G, a contradiction. A similar proof can be applied to the case when all
u, v, w are 3-vertices.
Assume that (ii) is false. We assume that u is a 3-vertex, while neither of
v, w is.
If deg(fvw) [ 11, then D(G−vw) [ D. Also G−vw is 3-connected by
Lemma 3.1. As before, the minimality of G gives a d-diagonal k(d)-
coloring of G−vw, which is also a d-diagonal k(d)-coloring of G.
Otherwise, deg(fuv)+deg(fuw) [ D+10. By Lemma 3.4, one of uv, uw is
removable, say uv. Let H :=Gı uv. Then D(H) [ D, and by the mini-
mality of G, H has a d-diagonal k(d)-coloring, which induces a partial
d-diagonal coloring of G, with only u uncolored. Since u has at most
(k(d)−1) d-diagonal neighbors, it can be colored in G.
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Assume (iii) is false. Assume none of u, v, w is a 3-vertex. Without loss of
generality, by Lemma 3.4, each of uv, uw is removable. Without loss of
generality, we assume deg(fuv) [ 11. Here, G−uv is 3-connected with
appropriate maximum face degree. Minimality of G gives a coloring of
G−uv which induces a coloring of G, the final contradiction. L
An edge a of a 3-connected graph G is contractible if its contraction
results in a 3-connected graph. The graph obtained from G by contracting
a is denoted by G·a.
Lemma 4.2. Let f be a 4-face of a minimal graph G, and let k be an
integer at most 4. If f is incident with k 3-vertices, then f is adjacent to at
least k (\ 11)-faces.
Proof. Let vertices of f be u, v, w, x and edges of f be uv, vw, wx, ux.
Claim. If e is a removable edge incident with f, then e is incident with a
(\ 11)-face.
Proof of the Claim Suppose that e is not incident with any (\ 11)-face.
Without loss of generality, assume e=uv. LetH :=Gı uv. Then D(H) [ D,
and by the minimality of G, H has a d-diagonal k(d)-coloring. If none of
u, v is a 3-vertex, then the d-diagonal k(d)-coloring of H is also a
d-diagonal k(d)-coloring of G. If at least one of u, v is a 3-vertex, say u,
then the d-diagonal k(d)-coloring ofH induces a partial d-diagonal coloring
of G, with either u uncolored or both u, v uncolored. As we did in the proof
of Lemma 4.1, we can show that any uncolored vertex in G has at most
(k(d)−1) d-diagonal neighbors, and thus it can be colored to give a
d-diagonal k(d)-coloring of G, a contradiction.
Since f is incident with at least two removable edges by Lemma 3.4, by
the above claim, f is adjacent to at least two (\ 11)-faces. Hence we only
need to consider the case when f is incident with at least three 3-vertices.
Assume d(u)=d(v)=d(w)=3. By Lemma 4.1, f is not adjacent to any
3-faces. Hence by Lemma 1 in [1], one of uv, vw is contractible, say uv. If
there is e ¥ {uv, vw, ux} such that deg(fe) [ 10, then we consider
H=G·uv. Since H is 3-connected and D(H) [ D(G), by the minimality, H
has a d-diagonal k(d)-coloring, which induces a partial d-diagonal coloring
of G, with y uncolored, where y ¥ {u, v} and y is incident with e. Since
deg(fe) [ 10, as we did in the proof of Lemma 4.1, we can show that y has
at most (k(d)−1) d-diagonal neighbors, and thus y can be colored to give
a d-diagonal k(d)-coloring of G. Hence if k=3, f is adjacent to at least
three (\ 11)-faces. Assume k=4. Since one of uv, vw is contractible and
one of ux, xw is contractible, one can conclude that f is not adjacent to
any ([ 10)-faces. L
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Lemma 4.3. Let f be a 5-face of a minimal graph G, and let k be either 4
or 5. If f is incident with k 3-vertices, then f is adjacent to at least k−2
(\ 10)-faces.
Proof. Let vertices of f be u, v, w, x, y and edges of f be uv, vw, wx,
ux, xy. Assume d(u)=d(v)=d(w)=d(x)=3. By Lemma 4.1, f is not
adjacent to any 3-faces. If k=5, by mimicking the proof of Lemma 4.2,
one can show that f is adjacent to at least three (\ 10)-faces. Assume
k=4. By Lemma 3.6, f is incident with at least two removable edges a, b,
where a, b ¥ {uv, vw, wx, xy, yu}, thus one can show that fa, fb are
(\ 10)-faces. L
5. DISCHARGING
Let a 3-connected plane graph G be charged if a function charge is
defined as follows: For each vertex or face x of G, let charge(x) :=
4−deg(x). The Discharging Method starts with the charge equality, which
is easily proved below from Euler’s formula.
Lemma 5.1. A charged graph G satisfies
C
x ¥ V(G) 2 F(G)
charge(x)=8.
Proof. Let G be a charged graph. Let n=|V(G)|, m=|E(G)|, and
t=|F(G)|. Euler’s formula says that n−m+t=2. This implies that
4n−2m+4t−2m=8. Since the sum of the degrees of either the vertices or
the faces equals twice the number of edges, the result follows. L
A simple corollary to Lemma 5.1 is that every 3-connected plane graph
has a 3-vertex or a 3-face. This simple result is not enough to show that
there is no counterexample to the conjecture of Horn˘a´k and Jendrol’. The
Discharging Method works by locally redistributing the positive charge to
show that every 3-connected plane graph has one of a set of more compli-
cated structures. Different ways of redistributing the charge yield different
sets of structures.
For this paper, let a charged graph G be discharged if a function chargeŒ
is defined by modifying charge according to the following Discharging
Rules. One note for clarification: It is convenient for counting arguments in
the proof below to have charge enter a face only from its incident vertices.
For Rules 5, 6, and 7, charge is being sent from a face to an adjacent face,
but to accomplish the previous statement, the charge is sent ‘‘via’’ an incident
vertex.
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1. If a 3-vertex x is incident with three ([ 7)-faces, send a charge of 13
from x to each incident face.
2. If a 3-vertex x is incident with two ([ 7)-faces and one (\ 8)-face,
send a charge of 14 from x to each incident ([ 7)-face, and send a charge of
1
2 from x to the incident (\ 8)-face.
3. If a 3-vertex x is incident with one ([ 7)-face and two (\ 8)-faces,
send a charge of 12 from x to each incident (\ 8)-face.
4. If a 3-vertex x is incident with three (\ 8)-faces, send a charge of 13
from x to each of them.
5. For each 3-face f, and for each (\ 12)-face g adjacent to f, and
for each 3-vertex x incident with both f and g, send a charge of 16 from f to
g via x.
6. For each 3-face f, and for each (\ 12)-face g adjacent to f, and
for each (\ 4)-vertex x incident with both f and g, send a charge of 13 from
f to g via x.
7. For each face f which is either a 4-face or a 5-face, and for each
(\ 8)-face g adjacent to f, and for each (\ 4)-vertex x incident with both
f and g, send a charge of 14 from f to g via x.
The following is the main result of this paper.
Theorem 5.1. For every integer d \ 0, every 3-connected plane graph
with maximum face degree D has a d-diagonal (1+(D+7)(D−1)d)-coloring.
Proof. Let d and D be given. Assume the theorem is false. By Lemmas 1.1
and 1.2, we can assume D \ 12. By Lemma 1.3, we can assume d \ 1. Let G
be a minimal graph and let it be discharged.
Let x3 be a 3-vertex of G. Note that charge(x3)=1. Clearly, one of
Rules 1 through 4 applies, and x3 sends out 1, and chargeŒ(x3)=0.
Let x4 be an (\ 4)-vertex of G. Here charge(x4) [ 0, and since no rules
affect the charge of x4, then chargeŒ(x4) [ 0 as well.
Thus, every vertex x satisfies chargeŒ(x) [ 0.
Let f3 be a 3-face of G. Note that charge(f3)=1. If f3 is incident with
at least two 3-vertices, then by Lemma 4.1, f3 is adjacent to three
(\ 12)-faces. By Rules 5 and 6, f3 sends out at least 13 to each adjacent face.
If f3 is incident with exactly one 3-vertex x, then by Lemma 4.1, one of the
faces adjacent to f3 and incident with x is an (\ 11)-face, while the other
two faces adjacent to f3 are (\ 12)-faces. By Rules 5 and 6, f3 sends out at
least 12 to each adjacent (\ 12)-face. If f3 is incident with no 3-vertices, then
by Lemma 4.1, f3 is adjacent to at least two (\ 12)-faces. By Rule 6, f3
sends out 23 to each adjacent (\ 12)-face. Finally, note that in each of the
cases, no rule sends charge into f3. Thus, chargeŒ(f3) [ 0.
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Let f4=abcd be a 4-face of G. Note that charge(f4)=0. By Lemma 4.2,
if f4 is incident with k 3-vertices, then f4 is adjacent to at least k
(\ 11)-faces.
Assume each of a, b, c, d is a 3-vertex. In this case, f4 receives no charge
from the rules.
Assume precisely a, b, c are 3-vertices. Assume each of fab, fbc, fcd is an
(\ 11)-face. Then f4 receives at most 14 from a by Rule 2, and receives no
charge from b, c, d, while f4 sends out
1
4 to fcd via d by Rule 7. Assume
each of fab, fad, fcd is an (\ 11)-face. Then f4 receives at most 14 from each
of b, c by Rule 2, and receives no charge from a, d, while f4 sends out
1
4 to
each of fad, fcd via d by Rule 7.
Assume precisely a, b are 3-vertices. Assume each of fab, fad is an
(\ 11)-face. Here f4 receives at most 14 from b by Rule 2, and receives no
other charge, while it sends out 14 to fad via d by Rule 7. Assume each of
fad, fbc is an (\ 11)-face. Here f4 receives at most 14 from each of a, b by
Rule 2, and receives no other charge, while it sends out 14 to each of fad, fbc
by Rule 7. Assume each of fad, fcd is an (\ 11)-face. Here f4 receives at
most 14 from a, at most
1
3 from b, and receives no other charge, while it sends
out 14 to fad and
1
2 to fcd. Assume each of fab, fcd is an (\ 11)-face. Here f4
receives at most 14 from each of a, b, and receives no other charge, while it
sends out 12 to fcd.
Assume precisely a, c are 3-vertices. Assume each of fab, fad is an
(\ 11)-face. Here f4 receives at most 13 from c and receives no other charge,
while it sends out 14 to each of fab, fad. Assume each of fab, fbc is an
(\ 11)-face. Here f4 receives at most 14 from each of a, c, and receives no
other charge, while it sends out 14 to each of fab, fbc. Assume each of fab, fcd
is an (\ 11)-face. Here f4 receives at most 14 from each of a, c, and receives
no other charge, while it sends out 14 to each of fab, fcd.
Assume precisely a is a 3-vertex. Assume fbc is an (\ 11)-face. Here f4
receives at most 13 from a, and receives no other charge, while it sends out
1
2
to fbc. Assume fab is an (\ 11)-face. Here f4 receives at most 14 from a, and
receives no other charge, while it sends out 14 to fab.
In each case, f4 sends out at least as much as it receives, and so
chargeŒ(f4) [ 0.
Let f5=abcde be a 5-face of G. Note that charge(f5)=−1.
Assume each of a, b, c, d, e is a 3-vertex. By Lemma 4.3, f5 is adjacent to
three (\ 10)-faces. Assume each of fae, fbc, fcd is an (\ 10)-face. Here f5
receives at most 14 from each of a, b, d, e, and receives no other charge.
Assume each of fbc, fcd, fde is an (\ 10)-face. Here f5 receives at most 13
from a, at most 14 from each of b, e, and receives no other charge.
Assume precisely a, b, c, d are 3-vertices. By Lemma 4.3, f5 is adjacent to
two (\ 10)-faces. Assume each of fab, fbc is an (\ 10)-face. Here f5 receives
at most 13 from d, at most
1
4 from each of a, c, and receives no other charge.
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Assume each of fab, fcd is an (\ 10)-face. Here f5 receives at most 14 from
each of a, b, c, d, and receives no other charge. Assume each of fab, fde is
an (\ 10)-face. Here f5 receives at most 13 from c, at most
1
4 from each of
a, b, d, and receives no other charge, while it sends out 14 to fde. Assume
each of fab, fae is an (\ 10)-face. Here f5 receives at most 13 from each of
c, d, at most 14 from b, and receives no other charge. Assume each of fbc, fde
is an (\ 10)-face. Here f5 receives at most 13 from a, at most
1
4 from each of
b, c, d, and receives no other charge, while it sends out 14 to fde. Assume
each of fae, fde is an (\ 10)-face. Here f5 receives at most 13 from each of
b, c, at most 14 from each of a, d, and receives no other charge, while it
sends out 14 to each of fae, fde.
Assume at most three of a, b, c, d, e are 3-vertices. In this case f5 receives
at most 13 from each incident 3-vertex, and receives no other charge.
In each case, the total charge f5 receives is at most 1 more than the total
charge it sends out, and thus chargeŒ(f5) [ 0.
Let f6 be a k-face of G, for 6 [ k [ 7. Note that charge(f6) [ − k3 . Since
f6 receives at most
1
3 from each incident 3-vertex by Rules 1 and 2, and
receives no other charge, we conclude chargeŒ(f6) [ 0.
Letf8 be a k-face ofG, for 8 [ k [ 11. Note that charge(f8) [ − k2 . Heref8
receives at most 12 from each incident 3-vertex by Rules 2, 3, and 4. Also, f8
receives at most 12 from each incident (\ 4)-vertex by at most two instances
of Rule 7. No other charge is received by f8. Thus chargeŒ(f8) [ 0.
Let f12 be a k-face of G, for k \ 12. Note that charge(f12) [ − 2k3 . From
Rules 2, 3, and 4, f12 receives at most
1
2 from each incident 3-vertex. By
Lemma 4.1, a 3-vertex is incident with at most one 3-face, and so f12
receives at most 16 from each incident 3-vertex by Rule 5. Also, f12 receives
at most 23 from each incident (\ 4)-vertex by Rules 6 and 7. No other
charge is received by f12. Thus, chargeŒ(f12) [ 0.
Thus, every face f has chargeŒ(f) [ 0.
Combining all the above, we have ;x ¥ V(G) 2 F(G) chargeŒ(x) [ 0. However,
this contradicts Lemma 5.1. L
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